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Sum rules for harmonic-oscillator brackets? 

Shalom Shlomo 
Department of Physics and Cyclotron Institute, Texas A&M University, College Station, 
Texas 77843, USA 

Received 9 December 1982, in  final form 25 April 1983 

Abstract. A new class of sum rules is derived for the coefficients of the Talmi transformation 
of the harmonic-oscillator wavefunctions from the single particle coordinates to the relative 
and the centre-of-mass coordinates. 

1. Introduction 

It is well known that harmonic-oscillator wavefunctions (HOWF) have the property 
that a product of two wavefunctions can be transformed from the single-particle 
coordinates to the relative and the centre-of-mass coordinates (Talmi 1952). This is 
known as the Talmi transformation and the transformation coefficients are called the 
oscillator brackets or the Talmi-Brody-Moshinsky (TBM) coefficients (Moshinsky 
1959, Brody and Moshinsky 1967). This transformation simplifies the calculation of 
two-body matrix elements and the coefficients are widely used in nuclear structure 
calculations (de-Shalit and Talmi 1963). Various methods for the calculation of these 
coefficients and several explicit expressions for the coefficients are described in the 
literature (Trlifaj 1972 and references therein). The brackets satisfy the standard 
orthogonality relations and have some simple symmetries. In this work I derive a 
class of sum rules for the HO brackets, which are independent of the orthogonality 
relations. Some of the sum rules are due to the well known symmetry properties of 
the HO brackets but others are new relations. These new relations demonstrate 
interesting properties of the HO brackets. Of course, one may use the sum rules to 
derive an expression for (and to calculate) the HO brackets. However, since there 
exist in the literature several codes for the evaluation of the HO brackets, the sum 
rules are particularly useful in providing an independent check for the results of these 
codes. 

2, Derivation of the sum rules 

2.1. The one-dimensional case 

Let us first consider the one-dimensional case. The harmonic-oscillator (HO) Hamil- 
tonian can be written in the form 

H = i ( p 2 + x 2 ) h u ,  (1) 
t Supported in  part by the National Science Foundation under Grant No PHY-810919. 
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where p and x are in units of h& and 1/&, respectively, and v = m w / h .  The 
eigenvalues of (1)  are of the form (K  +;)hw, where K is a positive integer; the 
corresponding eigenfunctions are 

( 2 )  (LK ( x )  = (J,2K~ ! ) - ' I 2  e -x2 '2HK (x 1, 

where H K ( x )  is the Hermite polynomial, 

Here [ K / 2 ]  equals K/2  or (K - 1)/2 if K is even or odd, respectively. The HO brackets 
(kKIK1K2) are defined by 

where x is the relative coordinate and X is the centre-of-mass coordinate, given by 
- 

x = (XI -xz)/J2, x = ( X I  + x z ) / J 2 .  ( 5 )  

Using (2) to ( 5 ) ,  one finds that (Chasman and Wahlborn 1967) 

The HO brackets (6) obey the orthogonality relations and the symmetry relations 

(kKlKlK2) = (- l)k(kKIK2K1) = ( -1 )yKk IKIK2). (7) 

To derive the sum rules for the HO brackets, I first Fourier transform (4) over the 
relative coordinate x. This is also known as the Wigner transform (Wigner 1932). 
One can utilise the Rodrigues formulae for the Hermite and the associated Laguerre 
polynomials (Magnus e? a1 1966) to carry out the Wigner transform of the left-hand 
side (LHS) and obtain (Bartlett and Moyal 1949) 

where L Z ( x )  is the associated Laguerre polynomial, 

Substituting (9) in (8) and using 

together with (6) and (7), I find that 
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where the coefficient C is defined by 

( K , + K , - N - M ) / Z  1 
l/CC$' = (-1) [s(K1+ K2 - N - M ) ] !  

1/2 

(12 )  
N ! M !  

x -  [i(N + M  +Kl  -&)I! [i(N + M  -K1 +K2)l ! )  . 
(Kl ! K 2 !  

Thesumin  (11)isl imitedby I K 1 - K 2 \ s N + M s K 1 + K 2 a n d N + M + K l + K 2 m u s t  
be even, i.e. N + M  = iK1 -K2/, lK1 - K 2 /  + 2 , .  . . , K1 + K 2 .  Note that in (8) and (11) 
~ K ~ K ~ ( X ,  p )  ( x ,  p )  = ~ K ~ K , ( x ,  - p ) .  This can be verified using (7) and the fact that 
C:cz in (12) is symmetric under the interchange of K1 and K 2  or N and M. 

Utilising (1 1) together with the transform 

~2.rr I-, dx eipx"lL(X)=ikh(P),  (13) 
1 "  

for the right-hand side (RHS) of (4) I find, using ( 2 ) ,  that 

(kKIKIK2)(k ! K !  2tK1+K') ) -1 '2  i k H k  (&p)HK ( h x  ) 
k + K = K I + K 2  

= 1 c C ~ ~ ( N M I ~ ( N + M + K ~ - K ~ ) ~ ( N + M - K ~ + K ~ ) ) ( ~ ~ ~ ) ~ ( ~ ~ ) ~ .  
NM 

(14) 

Substituting the explicit expression (3) for the Hermite polynomial in (14) and equating 
the coefficients of (ip)Nx M, I find the sum rule 

N ! M !  CC$2(NM/i(N +M+K1 -K&N + M  - K 1  +K2)),  - - 2 ( K , + K , - N - M ) / 2  

(15) 

for each pair ( N ,  M )  that satisfies N + M  s K l  + K 2  with N + M  + K 1  + K 2  even. The 
sum over k and K is further limited by the requirements that k - N  and K - M  are 
non-negative even integers. It should be noted that for N +M(iK1 - K 2 / ,  the RHS of 
(15) vanishes and the sum rule has a simple form. 

2.2. The three-dimensional case 

Sum rules for the brackets of a HO of higher dimensions can be derived in a similar 
way by using the transformation coefficients of the HOWF from the chosen coordinate 
system to the Cartesian coordinate system. I will now consider in some detail the 
three-dimensional case in spherical coordinates. In this case x and p in (1) should be 
replaced by the vectors r = (x, y,  z )  and p = ( p x ,  p y ,  p l ) ,  respectively. The eigenvalues 
of the HO Hamiltonian are€,, = (2n + 1 + 3 / 2 ) h o  with the corresponding wavefunctions 

where Y,,(B, 4 )  are the spherical harmonics and 
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As before, r is in units of l/&. The TBM coefficients (nlNLAlnllln212A) are defined 
by (Brody and Moshinsky 1967) 

C (11 m 1 l2m ZIAP ) 4 n ,  1 ~ m ~ ( r 1 I 4 n ~ / ~ m ~ ( r 2 )  
ml+m2=11 

= c 1 (nlNLA l n l l l n 2 1 2 A ) ( l m L M I A ~ ) ~ ~ i ~ ( r ) $ ~ ~ ~ ( R ) ,  (18) 
nlNL m + M = w  

where r = (rl - r 2 ) / & ,  R = ( r l  +r2 i /JT and (llml12m21Ap) is the Clebsch-Gordan 
coefficient. The sum over n, I.  N and L in (18) is restricted by the energy-conservation 
condition 2n + 1 t 2N + L = p =- p1 +p2 ,  where p1 = 2nl + I l  and p2 = 2n2 + 12 .  The TBM 
coefficients obey the orthogonality relations and some symmetry relations given by 
Brody and Moshinsky (1967). 

The transformation coefficients (KtK2K3lnlm) from the spherical coordinates sys- 
tem to the Cartesian coordinates system are defined by (Chac6n and de Llano 1963, 
Chasman and Wahlborn 1967) 

4 n f m  ( r )  = C (KlK2K3Inlm ) 4 K 1 ( x  MKZ( Y ) ~ K , ( z  ), (19) 
K l + K z + K 3  = 2 n  + I  

where G K ( x )  is given by (2 ) .  The explicit expression for the coefficient (K1K2K31nlm), 
the orthogonality relations, and the properties given by Chasman and Wahlborn 
(1967), will be used in the following. To derive the sum rule for the TBM coefficients 
I now Fourier transform (18) over the relative coordinate r using (19). This leads to 

= 1 (llm1l2m~iA~)(K1K2K31nlllm1) 
m 1+m2 = 11 K,,K 

x ( K  ;KiK; l n 2 / 2 m Z ) f K l K  i (x, p x  ) f K 2 K 5  ( y, py ) fK&j (z, p z  1, (20) 

where the sums over K, and K :  are limited by Kl+Kz+K3 = 2nl+11 and K ;  + K ;  + 
K ;  = 2n2 + 1 2 .  Equation (20) holds for any value of n 1, 11, n2, 12,  A and k .  A sum rule 
is obtained for each set of ( r , s , t , u , u ,  w )  by comparing the coefficients of 
( i p ~ ) r ( i p ~ ) s ( i p ~ ) f ( X ) u (  Y)"(Z)"' of both sides in (20). The general expression of the sum 
rule for the TBM coefficients is given in the appendix. For special values of r, s, t ,  U ,  U 
and w ,  the sum rule can be simplified by employing well known properties of the 
Clebsch-Gordan coefficients and the transformation coefficients (K1K2K31nlm). 

As an example I now discuss the relatively simple results for the case in which 
r = s = u =  v = O ,  i . e .p=(O,O,p)  a n d R = ( O , O , Z ) .  In this case m = M = g = O  in 
(20). Using (11) for f and (16) and (17) for COnlO and GNL0 in (20) and equating the 
coefficients of (ip)'(Z)", I obtain the sum rule 

= 2 ( ' + ' + ) ' 2 ( t W / : ( t  + w + p l  - p 2 ) i ( t  + w - p 1  + p 2 ) )  
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where 

In (21), the sums over 1 and L are restricted by the requirement that (t-1)/2 and 
(w -L)/2 are non-negative integers (see (22)), and the sums over K, and K ;  are 
limited by K1 +K2 + K 3  = p1 and K1 + K 2  + K = p2 .  The sum t + w must have the 
same parity as ll + 12. Using the properties of the coefficients (K1K2K3/nlm) given by 
Chasman and Wahlborn (1967), the RHS of (21) could be simplified further. 

A particularly simple sum rule is obtained from (21) for the case r = w = 0. This 
leads to 1 = L = 0 and therefore to A = 0 and l l  = 1 2 .  Using the relation (lml - m (00) = 
(-1)'-m/(21 + 1 ) ' 1 2  and the orthogonality relation for (K1K2K3/nlllml), I find the sum 
rule 

For the special case of n = n 2 ,  the sum rule in  (23) can be written in a different form.' 
Utilising the orthogonality relation for the TBM coefficients and summing over n l  and 
ll with the restriction 2 n l  + I l  =pl, I find that 

This is the same expression derived earlier by Shlomo and Prakash (1981. see equation 
(33)). 

Sum rules involving the sum over the row and column indices of the TBM coefficients 
can be obtained by summing over n l ,  11,  n 2 ,  l2 in (20) (or (21)) with the restrictions 
that 2nl + l l  = p1 and 2n2 + l2  = p 2 .  The resultingsum-rules can be simplified for certain 
values of ( r ,  s, t ,  U, U, w), using the orthogonality relations and the explicit expressions 
for the coefficients appearing in the sum rules. A particulary simple form is found 
from (21) for the case ( n l l l )  = (n212). By multiplying (21) by (-l)'l-m(ltmll - m / A  0), 
using the relation (-l)ll-m = (211 + l)1'2(llmll - m100), summing over A and m, and 
employing the orthogonality relations for the Clebsch-Gordon coefficients, one finds 
that the LHS vanishes unless A = 0. Finally the expression 

is found by taking the sum over (n l l l ) .  The simple expression for the RHS of (25) 
follows from the orthogonality relation for (K1K2K31nlm) and the results of (9) to 
(12). The sum over 1 in  ( 2 5 )  is restricted by r - 1 being even and the RHS is replaced 
by zero if t is odd. 
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3. Summary 

In  summary, I have derived a new class of sum rules for the HO brackets given by 
(15) for the one-dimensional case and by ( 2 0 ) ,  (21) and ( 2 5 )  for the three-dimensional 
case. 
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Appendix 

To derive the sum rules for the TBM coefficients I first utilise (19) for l L n l m  and $NLM 

in the LHS of ( 2 0 ) .  This leads to 

= 1 (Ilmll2m2lAp)(K1K2K3/nlllml) 
m1mz  K K :  

x (KIKX;  1 n 2 1 2 m d f K I K i  (X, px)fKz~;(Y,py)fK3K;(2, p Z ) .  (Al l  

Defining p l = 2 n 1 + l l ,  p 2 = 2 n 2 + I 2  and p = p l + p 2 ,  the sums on the LHS of (Al )  are 
limited by m + M = p ,  2 n + I + 2 N + L = p ,  a l + a 2 + a 3 = 2 n + 1  and A l + A 2 + A 3 =  
2N + L.  The sums on the RHS of (Al )  are limited by m.l+ m2 = p,  K I  +K2+K3 = P I  
and K ;  + K ;  +KL 5 p 2 .  Using ( 2 )  and (3) for $a, and $*, in the LHS of (A l )  and the 
expression (11) for ~ K , K ;  in the RHS of (Al )  and equating the coefficients of 
(ip,)r(ip,)s(ip,)fX"Y"Zw of both sides, one finds the sum rule 

nlmNLM ( l m L M I A p ) ( n l N L A  I n l l d d  PrSfUVW 
mM nlNL 

= 1 (Ilmll2m2/A~~)(K1K2K31nlllml) 
m1m2 K S :  

x ( rul$(r  + U +K1 - K ;  )i(r + U  -K1 +K'1 )) 

x ( S U  I$(s + U +K2 - K ;  )f(s + U -K2 +Ki )) 
x ( f W  1 f ( f  + w + K 3  - K ;  I;( f + w - K3 + K ;  )) (A21 

for each set of integers ( r ,  s, t ,  U, U ,  w )  with the restriction r + s  + f  + U  + U  + w s p .  The 
C-coefficients in (A21 are defined in equation (12) and the G's are given by 

G,,,", - (-1) (a la 2a3lnlm ) 
nlmNLM - ( 2 N + L - u  -0 --H 1/2 

a,A, 

x ( A  lA 2A 31NLM)(2-(PltpZ-r-s-t-U-"-WI al!  a2!  a 3 ! A  1!A2!A3!)1'2 
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The transformation coefficients ( k K  lK1K2) are given in (6) and the explicit expression 
for the transformation coefficient (K1K2K31nlm) was derived by Chasman and 
Wahlborn (1967). 

It should be emphasised that one obtains a set of sum rules for any given values 
of n l ,  11, n 2 ,  1 2 ,  A and k .  For the special case in which r + s  + t + U + U  + w < Ipl -p21, 
the RHS of (A2) vanishes, leading to a particularly simple sum rule. Also, using the 
properties of the Clebsch-Gordon coefficients and the transformation coefficients 
(K1K2K31nlm) (see Chasman and Walhborn 1967), simplified forms of the sum rules 
can be derived for special values of r,  s, t ,  U ,  U and w. A specific example is discussed 
in the text. 
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